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In an earlier work [l] we have demonstrated the local nature of fusion 
of elements in a Sylow p-subgroup P of a group G. We showed that if x 
and y  are elements of P which are conjugate in G then there is a sequence 
of elements x1 ,... , e~‘n of P such that x = x1 , y  = x, and each pair xi, xifl 
is contained in a subgroup Hi of P and are conjugate in N(H,). The elements 
xi, xifl are said to be “locally conjugate” and so every conjugation is the 
result of a sequence of local conjugations. Previously, we gave great details 
about the nature of the subgroups Hi that could be used and of the elements 
of N(H,) which performed the actual conjugation of xi to X~+~ . However, 
in this sequel, it is the actual sequence xi ,..., x,~ that we shall see can be 
chosen in a very special way. This result is of use in proving that certain 
elements of P are not conjugate in G. We shall give an example of this at the 
end of this paper but the main applications will come in later work. 
Let us now state the main theorem in its simplest form. After proving 
this version of it we shall examine our proof and be able to state and digest 
the final form of our main result. 
THEOREM. Let x and y  be elements of a Sylow p-subgroup P of a group G 
with x and y  con&gate in G. Then there exist elements x1 ,..., x,,, of P satisfJu’ng 
the following conditions: 
(1) x = x1 ) y  = x, ; 
(2) xi , .xitl aye locally conjugate, 1 < i < n - 1; 
(3) there is k, 1 < k ,( n, with 
1 C,(q)/ < e-0 < I C&k)/ > --* 2 I G(x’,)I. 
The last assertion is the new one: The orders of the centralizers first 
increase monotonically and then decrease monotonically, hence, the title 
of this paper. 
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To prove this we first choose z E P an extremal conjugate of x so that x 
and x are conjugate in G and C,(z) is a Sylovv p-subgroup of C(x); such 
an element exists of course by virtue of Sylow’s theorem. We shall prove 
that we can “go up” from h: to x. That is, there exist elements u1 ,~.., FA, 
of P such that x = ur , .z = 11, , each pair ui 5 ZQ+~ are locally conjugate, 
1 < i < Y - 1, and 1 C,(u,)l < *.* < / Cp(ur)l. 
Notice that this will suffice for the proof. Indeed, .z is also an extremal 
conjugate of y so we can ‘<go up” from y to z by a sequence of elements 
ni “1 >*.-s V, . Hence, the sequence 
u1 ) 2.42 ,...) ur = v, ) 0,-l ,...) VI 
is the desired one. Specifically, we set n = P + s - 1 and 
xi = 
i 
ui 3 1 <i<u, 
V n+1--i I r<i<fk 
However, in order to prove this by induction we shall demonstrate even 
more, namely, that if w is any conjugate of x which lies in P then we can 
“go up” from 20 to x. Of course, z is also an extremal conjugate of w. We 
shall do this by induction on the index / P: C,(w)!. 
Suppose the minimum value of this index is achieved: 1 P: C,(w)/ = 
\ P: C,(x)l. Thus, C,(w) is a Sylow p-subgroup of C(w). Hence, Cp@j 
and C,(z) are conjugate in 6. But they are subgroups of P so we can apply 
the fusion theorem to these subgroups as a means to proving the desired 
result about fusion of elements! Therefore, there exist subgroups Hr ,..., A$,? 
of P and elements gi E N(NJ, 1 < i < m such that the following conditions 
hold : 
(lj C,(w) < HI , Cp(w)gl*-g+l < Hi I 1 < i < m; 
(2) qwp “‘SW? Z C&), 
(3) WY1 “‘Brl% zzz z* 
In fact, we get this by choosing g E G such that wg = z, CP(w)g = C,(z) 
and appbying the fusion theorem to this fusion. We claim that the sequence 
(4 *x1 = w, X.~ = wgx,..., x - w91”Yh nz+1 - 
fulfills all the requirements. Indeed, everything is clear except the inequalities: 
I G(xJ < ... B I Wind 
However, we shall see that all of these orders are equal. In fact? me shall 
prove, by induction on i, that 
C&l,) = cp~zu)gl”‘g~-~j 
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this will suffice as 1 C,(w)] = ) C,(a)]. Now C,(X.J < ZYr so C,(zu)gi < C,(x,). 
But 1 Cp(xa)l < 1 C,(w)1 as w is extremal. Similarly, if the assertion holds 
for i, then C’,(zu)Ql*“gi-1 < Hi and a similar argument concludes the proof. 
Hence, we may suppose that 1 P: C,(w)1 > 1 P: Cp(z)i, that is, 
I C,(w)/ < I C,(z)\. There is g E G such that zug = x and C,(w), < C,(z). 
Applying the fusion theorem as above, we get elements g, ,...,g,n, and 
subgroups HI ,..., Hq,2 such that (1) and (3) above hold, as well as 
C,(zu)sl.*.gm = Cp(w)Q. Now 1 C,(w)] < 1 C,(z)1 so there is Y > 1 minimal 
such that I Cp(wQ1’.~g~)I > I Cp(w)]. Set x1 = w, X~ = wgl...gi-l, 2 <i <r + 1. 
As in the previous paragraph we have 
Since I Cp(xr+r)I > I Cp(w)I, it follows, by induction that we can “go up” 
from xr+l to a. Hence, there is a sequence 
y1 = x,.+1 ,...,ys = z 
with all the desired properties. It is clear then that the sequence 
w = x1 , X$ ,...) x7+1 = y1 ,..., ys = x 
concludes the proof. 
Before stating the main theorem in its detailed form we make the necessary 
remarks. When we applied the fusion theorem we could have been using 
a specific conjugation family instead of the family of all pairs (H, N(H)) 
where H runs over all nonidentity subgroups of P. Next, in proving the 
theorem and obtaining the desired sequence of elements, the subgroups 
in which the local conjugations were performed always contained certain 
centralizers. Perusal of the proof easily shows that we have in fact proved 
the following theorem. 
THEOREM. Let x and y be elements of a Sylow p-subgroup P of a group G 
with 3~’ andy conjugate in G. Let F be a conjugation family containing (P, N(P)). 
Theye exist elements (HI , TI) ,..., (H, , T,) of F, elements ti E Ti , 1 < i < n 
and an integer k, 1 < k < n + 1 such that if we set x1 = x, x2 = xtl,..., 
X n+l = Xtl’.%z the following statements hold: 
(1) xieHi, 1 <i<n,x,, =y; 
(2) I G(~I)l < ... < I C&c)1 2 ... 2 I w%+I)l; 
(3) Cp(Xi) < Hi if i < k and Cp(Xi+l) < Hi if k < i < n. 
The proof largely dealt with the case that y  was an extremal conjugate 
of P. We shall state what our arguments give there. 
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COROLLARY. Let x and y  be elements of a Sylow p-subgroup P of a group G 
with y  an estrenzal conjugate of x. Let F be a conjugation j-ami& containing 
(P, N(P)), There exist elements (HI , T,),..., (II, , T,) of F and e!eenzents 
ti E Ti , 1 < i < n such that if me set x1 = N, x2 = xilY,.., xn+l = xtl..~tq 
the follozGng statements hold: 
(1) xi E Hi , 1 < i < n, x,+r = y; 
(4 I C&J d ... < I cP(%l+l>l. 
We conclude by giving a simple example of the uses of our result. Eet 
P be a Svlow 2-subgroup of the group G and assume that E is wreathed, 
so that it has generators x, r~‘r , ug with defining relations 
$? = v2n 
1 
+Ll 
vpe = V.pl ) .UIS = Cl ‘2 > v22 = v1 ) 
for some n 2 2. The possible fusion of elements of P is well known. We 
shall see how our methods simplify one step of the usual arguments. 
There are three conjugacy classes of involutions of P, The first consists 
of all involutions not in A = (z’r , vsi and is the conjugates of x. The second 
consists of z = z.~-~E$‘-~, the central involution and the third consists of 
w1 = v1 ‘*-’ and w, = VT-’ = wlx. 
Let us see that it is not possible for the hrst and second classes to be 
fused together in G but that the third remains unfused. Thus, x is an estremal 
conjugate of z so we can “go up” from x to x via a sequence 
Iw = Gxl , x2 )..., 2, = x 
with many properties, one of them being that 
I C&J G .I. < / Cp(Nn)!. 
Hence, there is k, 1 < K < n such that xk $ A and xkcp = x. Moreover, 
the detailed form of our results guarantee us that we can assume that there 
is a subgroup H of P containing xL, z and C,(q) such that X~ and z( are 
conjugate in N(H). But xls $ P’ so X~ $ H’. On the other hand, by inspection 
of C,(s,) = (xi, , z’,v,> we have that z E CP(sL) inasmuch as n > 1. Thus, 
x E H’ as H > Cp(+). Hence, .xfz and z cannot be conjugate i.n N(H), a 
contradiction. 
This simple example illustrates the method. In later work we shall apply 
it to situations of current interest. 
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